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1 . ( )
Wiles ( Tayler) $\mathrm{Q}$ $-$ ( )
arithmetic geometry
, , . $\mathrm{Q}$
, , :
1) ( 2 ) ,
2) $\mathrm{Q}$ 2 ,
3) $\mathrm{Q}$ .
, ,
, Hasse-Weil L- ,
, – subcategory , Ribet
, ” $.\mathrm{G}\mathrm{L}(2)-\mathrm{t}\mathrm{y}\mathrm{P}\mathrm{e}$ ” .
. $\mathrm{Q}$ $A$ , $\mathrm{Q}$ Q-algebra
$\mathrm{E}\mathrm{n}\mathrm{d}_{\mathrm{Q}}(A)\otimes \mathrm{Q}$ [$\mathrm{E}\mathrm{n}\mathrm{d}_{\mathrm{Q}}(A)\otimes \mathrm{Q}$ : Ql $=\dim(A)$ , ” $\mathrm{G}\mathrm{L}(2)- \mathrm{t}\mathrm{y}\mathrm{P}\mathrm{e}$”
, 1) , $K$ $E$ , $A:={\rm Res}_{K/\mathrm{Q}}(E)$
, 2) , $\mathrm{Q}$ 2 $\mathrm{C}$ , jacobian variety
$A:=JaC(c)$ , $\mathrm{G}\mathrm{L}(2)- \mathrm{t}\mathrm{y}\mathrm{P}\mathrm{e}$
Modular Conjecture $(\mathrm{S}\mathrm{e}\mathrm{r}\mathrm{r}\mathrm{e}-\mathrm{R}\mathrm{i}\mathrm{b}\mathrm{e}\mathrm{t})$ : $\mathrm{Q}$ $A$ $\mathrm{G}\mathrm{L}(2)- \mathrm{t}\mathrm{y}\mathrm{P}\mathrm{e}$
, $A$ modular curve $X_{1}(N)$ jacobian $J_{1}(N)$ Q- isogenous
,
, ( $\mathrm{Q}$ ) , $\mathrm{G}\mathrm{L}(2)$-type
, Mestre [9] , [9]
Humbert, Griffith-Harris ,
,
$A$ $\mathrm{C}$ simple $k2$ 7 , End$(A)$
, Q-algebra End $(A):=\mathrm{E}\mathrm{n}\mathrm{d}(A)\otimes_{\mathrm{Z}}\mathrm{Q}$
(i) 4 CM-field, (ii) $\mathrm{C}$ ,
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(iii) 2 , (iv) Q.
$A_{2,1}$ moduli space $A_{2,1}$
locus , 0,1,2,3 , 3
(i) CM-points, (ii) Shimura curves, (iii) Humbert surfaces 1
, Torelh $A_{2,1}$ 2 moduli space $\mathcal{M}_{2}$
$\mathcal{M}_{2}$ $A_{2,1}$ (Abel-Jacobi map) , $C$
$(JaC(c), \Theta c=C)$ ( Rosenhain ,
theta ) , $\mathcal{M}_{2}$ ,
$(\mathrm{i}),(\mathrm{i}\mathrm{i}),$ $(\mathrm{i}\mathrm{i}\mathrm{i})$ ,
(iii) , $Jac(C)$ , $\triangle$ 2 (order)
, 100 G.Humbert [6]
, ( $\mathrm{C}$ )
2 Humbert
2.1 Kummer (16) $\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{f}\mathrm{i}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$
$\mathfrak{H}_{2}$ 2 Siegel :
$\mathfrak{H}_{2}:=\{\tau=\in \mathrm{G}\mathrm{L}_{2}(\mathrm{C})|{\rm Im}(\tau)>0\}$
$T=\in \mathfrak{H}_{2}$ , $(1_{2}\tau)=(p_{1}, \ldots,p_{4})$ $\mathrm{C}^{2}$
lattce $L_{\tau}$ ,
$A_{\tau}=\mathrm{C}^{2}/L_{\tau}$
, $(A_{7}\cdot, \Theta)$ , $A_{\tau}$
$E(p_{h},p_{k})=J$, $J:=$
$\mathrm{C}^{2}$ standard Riemann form $E$ $($
theta divisor) $0$ $a=,$ $b=$ ’ ,
characteristic theta $\theta(z),$ $z=$
$\theta(z)=\sum_{\in n\mathrm{Z}^{2}}e^{\pi\sqrt{-1}\mathrm{t}^{n}}t+a)\tau \mathrm{t}n+a\rangle+2\pi\sqrt{-1}t(n+a)\mathrm{t}z+b)$
,
, $\theta(z)$ $\Theta$ , $A_{2,1}\cong \mathfrak{H}_{2}/\mathrm{S}\mathrm{p}$( $2$ , z) , $\Theta$
2 $\mathrm{C}$ , $(A_{\tau}, \Theta)$ $\mathrm{C}$
1Humbert $H_{\Delta}$ moduli , 2 $\mathrm{Q}(\sqrt{\Delta})$ Hilbert modular
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$A_{\tau}[2]$ $A_{\tau}$ 16 2
,
$\xi=\frac{1}{2}$ $\mathrm{m}\mathrm{o}\mathrm{d}L_{\tau}$ $(\epsilon, \epsilon’, \lambda, \lambda’\in\{0,1\})$
Humbert , :
Table 1 : Humbert’s notation for $A_{\tau}[2]$ .
, $\theta(z)$ :
$\Theta\cap A_{\tau}[2]=$ {(11), (22), (31), (41), (23), (24)}
,
$\phi$ : $A_{\tau}arrow \mathrm{P}^{3}$
, $|2\Theta|$ $\phi$ $A_{\tau}/\langle\iota\rangle(\iota$ : $X\ovalbox{\tt\small REJECT}arrow-X$ $A_{\tau}$ 2
) , $\mathrm{P}^{3}$ 4 $A_{\tau}$ Kummer $\mathrm{K}\mathrm{u}\mathrm{m}(A_{\mathcal{T}})$
, $A_{T}[2]$ 16 $\xi\in A_{\tau}[2]$ ,
$\Theta_{\xi}:=\tau_{\xi()}\Theta$ & $\hat{\Theta}_{\xi}:=\phi(T_{\xi}(\Theta))$
( $T_{\xi}$ $\xi$ ) , $2T_{\xi}(\Theta)\in|2\Theta|$ , $\mathrm{P}^{3}$ $H_{\xi}$ ,
$H_{\xi}$ $\mathrm{K}\mathrm{u}\mathrm{m}(A_{\mathcal{T}})$ $2\hat{\Theta}_{\xi}$ – – $H_{\xi}$ Kummer
$\mathrm{K}\mathrm{u}\mathrm{m}(A_{\mathcal{T}})$ singular plane , $\phi((ij))(1\leq i,j\leq 4)$ $(ij)$
16 singular planes 16 double points ,
configulation , 16
singular planes $kl(1\leq k, l\leq 4)$ :
1. singular plane $kl$ 6 double points { $(ij)|i=k,$ $j\neq l$ or $i\neq k,$ $j=l$ }
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2. double point $(ij)$ singular planes 6 , $\{kl|k=i,$ $l\neq$
$j$ or $k\neq i,$ $l=j$ }
Double point (11) $\mathrm{P}^{3}$ – , (11)
$\mathrm{K}\mathrm{u}\mathrm{m}(A_{\tau})$ 6 singular planes $\Pi$
Figure 1 : singular planes
Singular plane $H_{\xi}$ , $\mathrm{K}\mathrm{u}\mathrm{m}(A_{\tau})$ 2 $\hat{\Theta}_{\xi}$
: $D$ $\mathrm{K}\mathrm{u}\mathrm{m}(A_{\tau})$ , $D$ (11)
, 6 , (i , (11)
$\mathrm{K}\mathrm{u}\mathrm{m}(A_{\tau})\subset \mathrm{P}^{3}$ tangent cone $\Gamma \mathrm{I}$ $\Gamma$
, $\Pi\cong \mathrm{P}^{2}$ $x,$ $y,$ $z$ $\Gamma$ $yz=x^{2}$ , 6
14, 21, 12, 13, 31, 41
(1) $\ell_{i}$ : $y+2a_{i}x+a_{i}^{2}z=0$ , $(1 \leq i\leq 6)$
Proposition 21 $C$ :
(2) $\mathrm{Y}^{2}$ $=$ $(X-a_{1})(x-a_{2})\cdots(X-a_{5})(X-a_{6})$ .
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22 Humbert’s modular equations
. $\tau=$ of $\mathfrak{H}_{2}$ , $\alpha,$ $\beta,\gamma,$ $\delta,\epsilon\in \mathrm{Z}$ ,
, $\tau$ $\Delta$ singular relation
(3) $\alpha\tau_{1}+\beta \mathcal{T}_{2}+\gamma \mathcal{T}3+\delta(\tau^{2}2-\mathcal{T}1\mathcal{T}3)+\epsilon$ $=$ $0$ ,
(4/) $\triangle$ $=$ $\beta^{2}-4\alpha\gamma-4\delta\epsilon$.
$N_{\Delta}:=$ { $\tau.\in \mathfrak{H}_{2}|\tau$ $\Delta$ singular relation },
$H_{\triangle}:=\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e}$ of $N_{\Delta}$ under the canonical map $fl_{2}.arrow s_{p(\mathrm{Z})}4,\backslash \mathfrak{H}2$ .
$H_{\Delta}$ $\Delta$ the Humbert surface , End $(A_{\tau})$
,
End$(A_{\mathcal{T}})=\{\phi\in \mathrm{M}2(\mathrm{c})|\exists M\in \mathrm{M}4(\mathrm{Z})\mathrm{s}.\mathrm{t}. \emptyset(\tau 1_{2})=(\tau 1_{2})M\cdots(*)\}$ .
$M=$ , , $(*)$ :
$\phi=\mathcal{T}B+D,$ $\phi_{\mathcal{T}=\mathcal{T}A+}c$ $\Leftrightarrow$ $\tau B\tau+D\mathcal{T}-\mathcal{T}A-C=0\cdots(**)$ .
Riemann form $E$ , End $(A_{\tau})$ Rosati involution $\phi\mapsto\phi^{\mathrm{o}}$ , $E(\phi z, w)=$
$E(z, \phi^{\mathrm{o}}w)(\forall z, w\in \mathrm{C}^{2})$
$\phi^{\mathrm{o}}=\emptyset$ $\Leftarrow\Rightarrow$ $t_{M}=M$




Tr $\phi$ $=$ $a_{1}+a_{4}$ ,








Proposition 22 $\mathrm{O}_{\Delta}$ 2 $K$ (order) , $\Delta$ ,
$\exists\psi$ : $0_{\Delta}arrow \mathrm{E}\mathrm{n}\mathrm{d}(A_{\tau})$ $\Leftrightarrow$ $\tau\in H_{\Delta}$
$H_{\Delta}$ , singular relation $a\tau_{1}+b\tau_{2}+\tau_{3}=0,$ $b^{2}-4a=\Delta,$ $b=0$ or 1. $\tau\in$
$\mathfrak{H}_{2}$
Proposition 2.3 ( [6]) $\tau\in \mathfrak{H}_{2}$ $\Delta=5$ singular relation
$-\tau_{1}+\mathcal{T}_{2}+\tau_{3}=0$ ,
, 2 $D$ ,5
(34), (14), (33), (22), (24)
, $l_{6}$ (Figure 1 ) , 2 $\tau$
$\Delta=5$ singular relation
PROOF. , $-\tau_{1}+\tau_{2}+\tau_{3}=0$ relation
$A_{7}$. $\alpha$ $\alpha$ $T^{2}-\tau-1=^{\mathrm{o}}$ ,
$\alpha(\{(34),$(14) $,$(33) $,$(22) $,$(24) $,$(11) $\})=$ {(42), (44), (31), (21), (43), (11)},
, $\Theta_{(31)}\cap A\tau[2]$ – ,
$\alpha^{*}\Theta_{(1)}3\cap A_{\tau}[2]=$ {(34), (14), (33), (22), (24), (11)},
$D$ , (11) $\mathrm{n}$ $\phi(\alpha^{*}\Theta)(\mathrm{s}1)$ ,
$D\cap$ { $(ij)$ in Figure $1$ } $=\{(34)$ , (14), (33), (22), (24) $\}$ ,
$D$ $\ell_{6}$ ,
$(2\Theta, \alpha^{*}\Theta_{()}31)=(2\Theta_{(3}1)’\alpha^{*}\Theta_{(31)})=2\mathrm{T}\mathrm{r}_{K/\mathrm{Q}}(\alpha)2=6$ , $Ii’=\mathrm{Q}(\sqrt{5})$ .
( $\phi$ 2 ), $\phi(\alpha^{*}\Theta_{(}31))$ 3
$\ell$ , $\ell$ $D$ generic points (transversal ) , $\ell$ (11)
$\mathrm{P}^{3}$ $H$
$(D, l)=\#\{D\cap\ell\}$ $\leq$ $\#\{H\cap\phi(\alpha^{*}\Theta(31))\backslash \{(11)\}\}$
$\leq$ 2.
, $D$ 2 , $\square$
, $H_{5}$ ”modular equation” ,
, (1) $l_{6}$ $z=0$ (i.e. $a_{6}=\infty$ )
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Theorem 2.4 ([6]) 2 $C$
(5) $\mathrm{Y}^{2}$ $=$ $(X-a_{1})(X-a_{2})\cdots(x-a_{5})$
, $Jac(C)$ $\Delta=5$ , $(Jac(c|.), \Theta_{C})\in$
$.H_{5})$ f $F_{5}(a_{1}, a2, \ldots, a5)=0$ :





Humbert $H_{8}(\Delta=8)$ ”modular equation”
:
Proposition 2.5 ( [6]) $\Delta=8)$ singular relation $-2\tau_{1}+\tau 2=0$
$\Pi$ 2 $D$ , 4
(32), (34), (42), (44)
, $\ell_{2},\ell_{4}$ (Figure 1 ) , 2
$\tau$ $\Delta=4$ 8 singular relation
Theorem 26([6]) 2 $C$
(7) $Y^{2}$ $=$ $X(X-b1)(X-b2)(X-b3)(x-b_{4})$
, $Jac(C)$ $\Delta=8$ $ffl$ $\downarrow$ , $(JaC(c), \Theta C)\in$
$H_{8})$ , $F_{8}(b_{1}, b2, b3, b4)=0$ :
$K\theta 1,$ $b_{2},$ $b_{3},$ $b_{4})$
$:=$ . $4b_{1}b_{234}bb\{(b1+b3)(b_{2}+b_{4})-2(b_{1}b3+b_{2}b_{4})\}^{2}-\{(b_{2}-b_{4})2(b1-b_{3})2(b_{1}b3+b_{2}b_{4})^{2}\}$
3 Poncelet Griffith-Harris
, $F_{5}(a_{1}, a2, \ldots, a_{5})=0$ $F_{8}(b_{1}, b_{2}, \ldots, b_{4})=0$
2 $\mathrm{Q}(\sqrt{2}),\mathrm{Q}(\sqrt{5})$ Hilbert modular
, $\mathrm{C}$ 2
, , $C$ ,
$Jac(C)$ ,
, Humbert , [Poncelet
2 $C$ , $C$ 2 2 map




$a_{1},$ $\ldots,a_{6}$ , $C$ (2)
, Proposition 2.3 :
Proposition 3.1 ( [6]) $JacC$ $\Delta=5$ , $Q_{6}\in D_{1}$ ,
5 $Q_{1}Q_{2}\ldots Q_{5}$ 2 $D_{2}$ ,6
$\mathrm{r}$
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, 2 $D_{1}$ $n$ $Q_{1}Q_{2}ld_{ot_{S}}Qn$ ,
2 $D_{2}$ , $n$ $\Gamma \mathrm{P}_{0}\mathrm{n}\mathrm{C}\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{t}$ $n$
Theorem 3.2 ( IPoncelet ) 2 $D_{1},$ $D_{2}$
Poncelet $n$ –
, Jacobi, Cayley ,
,
, Griffith-Harris
2 $D_{1},$ $D_{2}$ , $D_{2}^{*}:=D_{2}$ , $D_{2}$
, 2
Lemma 3.3 ( [2]) $D_{1},$ $D_{2}$ – ( 4 )
$E:=\{(x, \xi)|x\in D_{1}, \xi\in D_{2}^{*}\}$
( $\mathrm{C}$ ) 1
PROOF. $Earrow D_{1},$ $(x, \xi)\mapsto x$ , 2 morphism ,
$D_{1},$ $D_{2}$ , $E$ $D_{1}\cong \mathrm{P}^{1}$ 4 2 , 1
$\square$
, $E$ – , $E$ $x\in D_{1}$ – , $x$
$D_{2}$ $\xi,\xi’$ , , $\xi’$ $D_{1}$ $x,$ $x’$ , map $\tau$ : $(x,\xi)-$,
$(x’,\xi’)$ $E$ $E$ morphism :
Lemma 3.4 ([2]) $\tau$ : $Earrow E$ , : $\exists \mathrm{a}\in E,$ $\tau(\mathrm{x})=$
$\mathrm{x}+\mathrm{a}$
$D_{1},$ $D_{2}$ Poncelet $n$ $Q_{1}Q_{2}\ldots Q_{n}$
, a $:=Q_{i}Q_{i+1}\in D_{2},$ $(i=1,2, \ldots, n)$ , $Qn+1=Q_{1},$ $\xi_{n}:=Q_{n}Q_{1}$
$(Q_{1},\xi_{1})\in E$ $\tau$ $\mathrm{n}$ , - Lemma 3.4
$Q_{1},$ $\xi_{1})=\tau^{n}(Q_{1}, \xi_{1})=(Q1,\xi 1)+n\mathrm{a}$
, na=0 , $\tau$ $\mathrm{a}\in E$ $E$ n ,
$D_{1}$ $Q_{1}$ $\tau$ $\mathrm{n}$ ,
4 Mestre
41 5-isogeny $\Rightarrow$ $\triangle=5$
, $JaC(c)$ $\Delta=5$ 2 $\mathrm{C}$ ,
Poncelet 5 , ,




$\varphi$ : $E_{1}arrow E_{2}:=E_{1}/\mathrm{G}$ , $\mathrm{G}=<\mathrm{r}>\cong \mathrm{Z}/5\mathrm{Z}$
$k$ 5 isogeny $x_{i}$ : $E_{i}arrow \mathrm{P}^{1}(i=1,2)$
2 , 5 $u(x)$ , $u\mathrm{o}x_{1}=.X_{2^{\mathrm{O}}\varphi}$
$t$ $E_{1}(k\overline{(}t))$









(10) $c_{\varphi,t}$ : $Y^{2}$ $=$ $u(X)-t$
, $\mathrm{s}\in \mathrm{G}$ , $x_{\mathrm{s}}:=x_{1}(\mathrm{q}_{t}+\mathrm{s})\in \mathrm{p}\mathrm{l}$ ,
$u(x_{\mathrm{s}})=u\circ x_{1}(\mathrm{q}_{t}+\mathrm{s})=x_{2^{\mathrm{O}}}\varphi(\mathrm{q}t+\mathrm{s})=x_{2^{\mathrm{O}}\varphi}(\mathrm{q}_{t})=t$
, $(x_{\mathrm{S}}, 0)\in C_{\varphi},t$ , $x_{\mathrm{s}}=x_{\mathrm{s}}’$ ( $=a$ )
$\mathrm{d}\mathrm{i}\mathrm{v}(x_{1}-a)=[\mathrm{q}_{i}+\mathrm{s}]+[\mathrm{q}_{t}+\mathrm{s}’]-2[\mathit{0}_{E_{1}}]$
Abel , $2\mathrm{q}_{t}+\mathrm{S}+\mathrm{s}’=O_{E_{1}},2.\mathrm{q}_{t}.\in \mathrm{G},$
. .
$(t, 0)\in E_{1}[2]$
, $t\in\overline{k}$ $(t, 0)\not\in E_{1}[2]$ ,
$x–x_{1}$ : $C_{\varphi,t}-arrow \mathrm{P}^{1}$
6 $((x_{\mathrm{S}}, \mathrm{o}),$ $\mathrm{S}\in \mathrm{G}$ ) $\mathrm{P}^{1}$ 2 $C_{\varphi,t}$
2 , $C_{\varphi,t}$







$\psi:(x, y)=(X1(\mathrm{q}), y)\vdasharrow(_{X_{1}}(\mathrm{q}+\mathrm{r}), y)+(X_{1}(\mathrm{q}-\mathrm{r}), y)$ $(\mathrm{q}\in E_{1})$
Theorem 4.1 ([9]) $\psi$ $\mathrm{P}\mathrm{i}_{\mathrm{C}^{0}}(C\phi,t)$ :
(12) $\psi^{2}+\psi$ $=$ $Id$ .
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PROOF. , $\psi^{2}+\psi-Id$
$\psi^{2}+\psi.-Id:(x_{1}(\mathrm{q}), y)rightarrow\sum_{\mathrm{s}\in \mathrm{G}}(X_{1}(\mathrm{q}+\mathrm{s}), y)$
- , (11) $(X_{1}(\mathrm{q}\mathrm{o}), yo)(\mathrm{q}0 \in E_{1})$
, $X$ 5 $u(X)-t=y0$ 5 $\{x_{1}(\mathrm{q}0+\mathrm{S})|\mathrm{s}\in \mathrm{G}\}$ ,
y–y
$\mathrm{d}\mathrm{i}\mathrm{v}(y-y\mathrm{o})=\mathrm{S}\sum_{\in \mathrm{G}}[(x1(\mathrm{q}_{0}+\mathrm{s}), y\mathrm{o})]-5[(\infty, \infty)]$
,
$\sum_{\mathrm{s}\in \mathrm{G}}[(x_{1}(\mathrm{q}0+\mathrm{s}), y_{\mathit{0})}]$
$5[(\infty, \infty)]$ ( )
, $\mathrm{q}0\in E_{1}$
$\sum_{\mathrm{s}\in \mathrm{G}}[(x_{1}(\mathrm{q}0+\mathrm{s}),y_{\mathit{0}})]$ $\sim.\sum_{\mathrm{s}\in \mathrm{G}}[(x_{1}(\mathrm{q}+\mathrm{s}), y)]$
( )
, $\psi^{2}+\psi-Id$ $\mathrm{P}\mathrm{i}\mathrm{c}^{0}(c_{\emptyset,t})$
, $\psi$ $k=\mathrm{Q}$ 5-isogeny
modular $X_{1}(5)\cong \mathrm{P}^{1}$ parametrize , Tate
:
(13) $E_{1}$ : $y^{2}+(1-s)xy-sy$ $=$ $x^{3}-Sx^{2}$ ( $s$ parameter)
, $\mathrm{r}:=(0,0)\in E_{1}$ 5 , $\mathrm{G}=<\mathrm{r}>$ isogeny
$\varphi:E_{1}arrow E_{2}:=E_{1}/\mathrm{G}$ ,
$u(X)=x+ \frac{s(s-1)}{X}+\frac{s^{2}}{X^{2}}+\frac{s^{2}(s+1)}{X-s}+\frac{s^{4}}{(X-s)^{2}}$
$Xarrow-sX,$ $\sqrt{-1}X(X-s)\mathrm{Y}/s^{2}arrow \mathrm{Y}$ , $tarrow 3-t-3s$ ,
$C_{\varphi,t}$
(14) $C_{S,t}$ : $Y^{2}$ $=$ $sX^{5}-(s+t-3)X^{4}+(s^{2}-3s+5-2t)x3-tX2+(s-3)x-1$
$\psirightarrow X\psi\subset C_{\varphi,t}\cross C_{\varphi,t}$ ,
(15) $X_{\psi}$ : $s(X_{1}X2)^{2}-(s-1)(X_{1}x_{2})+(X_{1}+X_{2})+1$ $=$ $0$ ,
$Y_{1}=Y_{2}$
$C_{s,t}$ $s,$ $t$ 2 $\mathrm{Q}(\sqrt{5})$ Hilbert modular
– , (15) $t$ , Hilbert
modular moduli
, (14),(15) , $\mathrm{Q}(s,t)$ , $s,$ $t$
, $\mathrm{Q}$ $C(s, t)$ , $Jac(C(S,t)$ $\mathrm{G}\mathrm{L}(2)- \mathrm{t}\mathrm{y}\mathrm{P}^{\mathrm{e}}$
, \S 1 modular conjecture
modular conjecture
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